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The probability densities of work that can be exerted on a quantum system initially staying in
thermal equilibrium are constrained by the fluctuation relations of Jarzynski and Crooks, when the
work is determined by two projective energy measurements. We investigate the question whether
these fluctuation relations may still hold if one employs generalized energy measurements rather
than projective ones. Restricting ourselves to a class of universal measurements which are inde-
pendent of several details of the system on which the work is done, we find sets of necessary and
sufficient conditions for the Jarzynski equality and the Crooks relation. The Jarzynski equality
requires perfect accuracy for the initial measurement, while the final one can be erroneous. On
the other hand, the Crooks relation can only tolerate a depolarizing channel as a deviation from
the projective measurement for systems with a finite dimensional Hilbert space. For a separable
infinite-dimensional space only projective measurements are compatible with the Crooks relation.
The results we have obtained significantly extend those of [Venkatesh, Watanabe, and Talkner, New
J. Phys. 16, 015032 (2014)] as well as avoid some errors present there.
I. INTRODUCTION
Work in quantum mechanics, quantum work, has
turned out to be a surprisingly non-trivial notion un-
like its elementary character in classical mechanics.
Presently, there is even no general agreement about how
to measure and how to calculate quantum work. As a
consequence, a variety of different definitions of quan-
tum work exist, many of which are listed and compared
in [1].
Here we restrict ourselves to thermally closed systems
on which work is performed by a change of one or sev-
eral external parameters λ(t) of the HamiltonianH
(
λ(t)
)
of the system. The parameter change is externally con-
trolled during the time-interval 0 ≤ t ≤ τ according to
a prescribed force protocol Λ = {λ(t)|0 ≤ t ≤ τ}. We
shall further consider only the so-called two-energy mea-
surement schemes (TEMS) consisting of energy measure-
ments immediately before and after the force protocol at
t = 0 and τ , respectively [2]. The work performed on the
system in a particular realization of the force protocol
is given by the difference between the measured initial
and final energy. This work is a random quantity de-
scribed by a probability density function (pdf) pΛ(w) to
find the amount of work w for the protocol Λ. Under the
additional conditions that the energy measurements are
projective and the initial state is Gibbsian, the average
exponentiated work fulfills the Jarzynski equality in the
∗ kosuke@zju.edu.cn
† gentaro@zju.edu.cn
same form as for classical systems [3–6]
〈e−βw〉Λ = e
−β∆F , (1)
where β is the inverse temperature characterizing the ini-
tial canonical state
ρβ(λ(0)) = Z
−1(0) e−βH(λ(0)) . (2)
Here, the free energy difference ∆F = F (λ(τ))−F (λ(0))
referring to the initial and final parameter values re-
sults from the corresponding partition functions Z(t) =
Tr e−βH(λ(t)) = e−βF (λ(t)). Under the above conditions,
the Crooks relation [4, 7, 8] also assumes the same form
as in the classical case, hence, reading
pΛ(w) = e
−β(∆F−w)pΛ¯(−w) . (3)
It relates the pdf pΛ(w) for the protocol Λ = {λ(t)|0 ≤
t ≤ τ} to the work pdf pΛ¯ for the time-reversed pro-
tocol Λ¯ = {ǫλλ(τ − t)|0 ≤ t ≤ τ}, where ǫλ denotes
the parity of the parameter λ under time-reversal. The
underlying Hamiltonians conform by assumption with
the time-reversal symmetry expressed as θ†H
(
λ(t)
)
θ =
H
(
ǫλλ(t)
)
, where θ is the time-reversal operator [9].
From the Crooks relation, the Jarzynski equality (1)
for the forward process as well as the analogous equality
for the backward process follows. The latter reads
〈e−βw〉Λ¯ = e
β∆F (4)
with the same free energy difference ∆F as in the forward
Jarzynski equality (1). As one cannot deduce the Crooks
relation from the two Jarzynski equalities, the Crooks
relation is the stronger one.
2Projective measurements, though they present an ide-
alization, are difficult to realize in general. Therefore, it
is natural to ask whether there is a more general class of
energy measurements (so-called generalized energy mea-
surements) for which the fluctuation theorems of Jarzyn-
ski and Crooks still hold [10]. The question about alter-
native definitions of work is also motivated by the fact
that, apart from the case of stationary initial conditions,
projective energy measurements erase any correlations
in the energy eigenbasis and, consequently, influence the
outcome of the second energy measurement and work.
In this context, we note the no-go theorem by
Perarnau-Llobet et al. [11]. It states the non-existence
of an operational definition of work in terms of general-
ized measurements fulfilling two requirements: (i) The
average work must always agree with the difference be-
tween the average Hamiltonian at the final and the initial
time. Here, both averages are taken with respect to the
initial state that may contain non-diagonal matrix ele-
ments in the energy eigenbasis of the initial Hamiltonian.
(ii) For initial states diagonal in the eigenbasis of the ini-
tial Hamiltonian, the distribution of work should agree
with the one obtained by the two projective energy mea-
surement scheme (TPEMS). The first condition, which
was formulated earlier in [12], and has been frequently
used in the study of quantum engines [13, 14], disregards
the quantum mechanical impact of the first energy mea-
surement on the state of the considered quantum sys-
tem. A generalized energy measurement need not lead
to a complete reduction of the state with respect to the
energy eigenbasis, but its impact cannot be completely
suppressed if the initial state possesses correlations in the
energy basis. The second requirement might be consid-
ered as quite restrictive in demanding perfect agreement
with the work distribution following from TPEMS.
Here we study the problem of the existence of a
TEMS with generalized energy measurements for which
the Crooks relation and consequently also the Jarzynski
equality hold, or for which only the Jarzynski equality
is satisfied. With the limitation to TEMS, the class of
generalized work measurements is more restricted than
the one considered in the mentioned no-go theorem in
Ref. [11]. Here we do not consider work measurement
schemes for which the contact between the system and
a single measurement apparatus is kept during the force
protocol until a single reading of the measurement appa-
ratus yields the work. Examples of such “work-meters”
are discussed in Refs. [15–18]. In the present paper, we
do not impose any extra condition on the average work,
nor do we require the agreement of the work distribution
with the form following from the TPEMS. We note that
the class of generalized energy measurements we consider
here within the TEMS is more general than the one con-
sidered in Ref. [10] as will be detailed below. Moreover,
we avoid the errors contained in Ref. [10].
The paper is organized as follows. Section II intro-
duces the notation we use and provides a comprehensive
description of the mathematical tools needed to deal with
generalized measurements. The form of the work pdf for
the TEMS is reviewed in Section III. Our main results are
presented in Section IV. In Sections V and VI, we present
discussions leading to the respective conditions on the en-
ergy measurements, given in Section IV, required for the
validity of the Jarzynski equality and the Crooks rela-
tion. In Section VII we conclude with a summary, and
the appendices provide various technical details.
II. GENERALIZED ENERGY
MEASUREMENTS
Any measurement requires a contact of the system un-
der investigation with a measurement apparatus. To
qualify as a measurement, this contact is supposed to
change the state of the apparatus in a way that one can
infer about the value ω of the quantity to be measured,
but at the same time it also influences the state of the
system. For classical systems, the resulting backaction
on the system can be made arbitrarily small in principle,
but this is not the case for quantum systems. Under the
assumption that, prior to the measurement, the system
and the apparatus are totally independent of each other,
and thus initially stay in a product state, the state of the
system immediately after the measurement is character-
ized by an operation φω , which depends on the observed
result ω. It yields the non-normalized post-measurement
state φω(ρ), where ρ is the system density matrix be-
fore the measurement. As an operation, φω is a linear,
completely positive (CP) map [19, 20] of the trace-class
operators TC(H) on the Hilbert space H of the system,
i.e., those bounded operators with a finite trace of their
modulus [21]. The trace of φω(ρ) determines the proba-
bility p(ω) to obtain the outcome ω of the measurement
of the state ρ, i.e.,
p(ω) = Trφω(ρ) = Trφ
∗
ω(1)ρ . (5)
After the second equality sign, p(ω) is expressed in terms
of the dual map φ∗ω, which acts on bounded operators and
is defined as Trφ∗ω(u)ρ = Truφω(ρ) for all bounded oper-
ators u ∈ B(H) and all trace class operators ρ ∈ TC(H).
The image Eω = φ
∗
ω(1) of the identity operator 1 un-
der the dual operation is also known as the effect of
the operation φω [20]. Upon normalization, the post-
measurement state conditioned on the outcome ω be-
comes ρpmω = φω(ρ)/p(ω).
As a CP map, the operation φω can be expressed in
terms of bounded operators Bω,l, called Kraus operators
such that [20]
φω(ρ) =
∑
l
Bω,l ρB
†
ω,l . (6)
In passing, we note that the set of operations,
{φω}ω∈Ω, where Ω denotes the set of all possible out-
comes, is referred to as an instrument [22, 23]. The op-
eration given by the sum over Ω, Φ =
∑
ω φω , is a com-
pletely positive, trace preserving (CPTP) map describing
3the post-measurement state of the nonselective measure-
ment, i.e., the one whose outcome is ignored. For further
details about generalized measurements, we refer to the
literature [23, 24].
In the present paper, we focus on energy measure-
ments described by operations φn, where n indicates
the eigenvalue En of the Hamiltonian H =
∑
nEnΠn.
Here {Πn}n∈N is the set of spectral projectors, satisfy-
ing ΠnΠm = δn,mΠn, Πn = Π
†
n and
∑
nΠn = 1, where
N ⊆ N. We restrict ourselves to purely discrete spectra
of the considered Hamiltonian H because, otherwise, the
partition function Z = Tr e−βH and hence the free energy
appearing in the fluctuation theorems does not exist.
The measurement typically contains errors that can
be quantified by the probability p(m|n) with which the
energy Em is assigned to a state ρn = Πn/TrΠn with
the energy En. This probability is given by
p(m|n) = Trφm(ρn) . (7)
A measurement is error free when the error probability
collapses to a Kronecker delta, i.e., p(m|n) = δm,n. In
this case, the operations φm take the following form:
φm(ρ) = Em(ΠmρΠm) , (8)
where Em is an arbitrary CPTP map, referred to as a
quantum channel in the context of quantum information
theory, depending on m. This means that any error-free
measurement can be considered as a projective measure-
ment followed by a trace-preserving operation. A proof
of Eq. (8) is presented in Appendix A.
For later use we mention that, as an immediate conse-
quence of Eq. (8), the domain of an error-free map can
be extended from trace-class to bounded operators. Es-
pecially, we have
φn(1) = φn(Πn) . (9)
III. WORK STATISTICS
As described in the introduction, we consider a ther-
mally isolated system which undergoes the dynamics gov-
erned by a time-dependent Hamiltonian H
(
λ(t)
)
. The
parameter stays constant at λ(t) = λ(0) for t ≤ 0, then
changes in a prescribed way according to the force pro-
tocol Λ = {λ(t)|0 ≤ t ≤ τ} to continue with the con-
stant value λ(t) = λ(τ) for t ≥ τ . According to the
TEMS, generalized energy measurements are performed
at t = 0 and t = τ with instruments {φ
(0)
n }n∈N0 and
{φ
(τ)
n }n∈Nτ respectively, where N0,Nτ ⊆ N, and φ
(t)
n is
the measurement operation conditioned on the observa-
tion of the eigenvalue en(t) of the Hamiltonian, which
can be expressed as
H
(
λ(t)
)
=
∑
n∈Nt
en(t)Πn(t) (t = 0, τ) , (10)
where Πn(t) is the projector on the eigenspace with en-
ergy eigenvalue en(t). The dimension of this eigenspace
is denoted by dn(t) = TrΠn(t). The joint probabil-
ity pΛ(m,n) to obtain em(0) in the first measurement
and en(τ) in the second measurement, is given by the
trace of the non-normalized density matrix resulting from
the first measurement operation, followed by the unitary
time evolution from t = 0 to τ , and finally the second
measurement operation:
pΛ(m,n) = Trφ
τ
m(UΛφ
0
n
(
ρβ(0)
)
U †Λ)
= Z−1(0)
∑
k
pΛ(m,n|k) dk(0) e
−βek(0) . (11)
Here
UΛ = T e
− i
~
∫
τ
0
H(λ(t))dt (12)
is the time-evolution from t = 0 to τ with T denoting
the chronological time ordering symbol. In the second
line of Eq. (11), pΛ(m,n|k) denotes the joint probability
of observing the energies em(τ) and en(0) conditioned on
the initial state Πk(0)/dk(0), where dk(0) = TrΠk(0) is
the degree of degeneracy of the eigenenergy ek(0). Thus
this probability becomes
pΛ(m,n|k) = Trφ
τ
m
(
UΛφ
0
n
(
Πk(0)
)
U †Λ
)
/dk(0) . (13)
Hence, the work pdf can be expressed as
pΛ(w) =
∑
m,n
δ
(
w − em(τ) + en(0)
)
pΛ(m,n) , (14)
where δ(x) is the Dirac δ-function.
IV. RESULTS FOR UNIVERSAL
GENERALIZED MEASUREMENTS
The generalized measurements considered here are
supposed to be universal in the sense that the same en-
ergy meters can be used independently of the properties
of the particular system, the temperature, and the ac-
tual dynamics during the force protocol. In other words,
the measurement operations φtm with t = 0 and τ are
supposed to be independent of
(a) the magnitudes of the energies em(t),
(b) the inverse temperature β characterizing the initial
state, and
(c) the unitary dynamics UΛ defined in Eq. (12).
For this class of universal measurement instruments,
we find the following necessary and sufficient conditions
for the Jarzynsky equality (1) to hold:
4(JI) For a system with a Hilbert space of finite dimen-
sion D = dim(H), the first measurement must be
error free and either one of the following (Ji) or
(Jii) has to be satisfied:
(Ji) (a) the first non-selective measurement
Φ0 =
∑
n φ
0
n is unital, i.e., Φ
0(1) = 1, and
(b) Trφτ∗m (1) = dm(τ);
(Jii) the effects Eτm = φ
τ∗
m (1) of the second mea-
surement are proportional to the identity ma-
trix reading Eτm = [dm(τ)/D]1;
(JII) For systems with a separable infinite-dimensional
Hilbert space, the first measurement must be error
free. Further, the dual operations of the second in-
strument must map bounded operators onto trace-
class operators such that Trφτ∗m (1) = dm(τ)/a and∑
n φ
0
n(1) = a1 with a positive constant a.
Condition (Ji)(a) is equivalent to the requirement that
the von Neumann entropy of the post-measurement state
of the first non-selective measurement is greater than or
equal to the von Neumann entropy of the state before the
measurement [24], i.e., −TrΦ0(ρ) ln Φ0(ρ) ≥ −Tr ρ ln ρ.
As explained above, the Crooks relation (3) establishes
a connection between the work pdf for the forward pro-
cess running under the force protocol Λ and that for the
backward process under the time-reversed protocol Λ¯.
Both processes start from a canonical equilibrium state
at the respective parameter values, at the same inverse
temperature β. The measurement instruments φtn and
φ¯tn of the forward and the backward processes, respec-
tively, are also time-reversed with respect to each other,
satisfying
φ¯tm(ρ) = θ
†φτ−tm (θρθ
†)θ (t = 0, τ) . (15)
For processes between non-degenerate initial and final
Hamiltonians and universal measurement instruments as
introduced above, we obtain the following necessary and
sufficient conditions for the Crooks relation to hold:
(CI) For systems with a Hilbert space of finite dimension
D, the measurement operations must be of the form
φtn(ρ) = (1− α)
TrΠn(t)ρ
D
1+ αΠn(t)ρΠn(t)
(t = 0, τ)
(16)
with −(D − 1)−1 ≤ α ≤ 1, which can be realized
as a combination of a projective measurement and
a depolarizing channel.
(CII) For systems with a separable infinite-dimensional
Hilbert space, only projective energy measurements
are allowed.
For initial or final Hamiltonians with degenerate spec-
tra, the same conditions (CI) and (CII) can be obtained
with an additional universality requirement, which will
be specified in Section VIC.
In Ref. [10], only measurement operations with a sin-
gle Kraus operator were considered, i.e., all the opera-
tions considered in Ref. [10] are restricted to the special
form φ
(t)
n (ρ) = Mn(t)ρM
†
n(t) with t = 0 and τ . This
excludes the presence of a depolarizing channel for sys-
tems with a Hilbert space of dimension higher than two.
As a condition for the Crooks relation to hold, the ini-
tial and final measurements must be error free accord-
ing to Ref. [10], in agreement with the results of the
present work. The conclusion in Ref. [10] advocating the
restriction to projective measurements is also in agree-
ment with the present findings restrained to measure-
ment operations with a single Kraus operator except for
the case of two-dimensional Hilbert space, even though it
is based on an incorrect argument. However, in the case
of two-dimensional Hilbert space, the instrument given
by Eq. (16) with α = −1 can be described by a sin-
gle Kraus operator as φt0(ρ) = |1; t〉〈0; t| ρ |0; t〉〈1; t| and
φt1(ρ) = |0; t〉〈1; t| ρ |1; t〉〈0; t|, where |n; t〉 is the n-th level
energy eigenstate of H(λ(t)). This disagreement is ac-
tually caused by a mathematically incorrect argument
in Ref. [10]. The conditions for the Jarzynski equality
formulated in Ref. [10], though its proof is also incor-
rect, corresponds to condition (JII) with dm(τ) = 1 and
a = 1. In the finite-dimensional case, while the condition
(Ji) with dm(τ) = 1 is found, the second possibility (Jii)
is missed in Ref. [10].
V. JARZYNSKI EQUALITY
In this section, we focus on the necessary and sufficient
condition on the energy measurements for the validity of
the Jarzynski equality (1):∫
pΛ(w) e
−βwdw = e−β∆F (17)
with e−β∆F = Z(τ)/Z(0). Using the work pdf pΛ(w)
defined by Eq. (14) in combination with Eq. (11), we
obtain from Eq. (17)
∑
m,n,k
e−β(ek(0)−en(0))pΛ(m,n|k)dk(0)
e−βem(τ)
Z(τ)
= 1.
(18)
We now determine the form of those generalized energy
measurement operations that are universal in the sense
defined by conditions (a) – (c) in Sec. IV. For this pur-
pose, we consider necessary conditions that follow from
a restricted class of spectra of the initial Hamiltonian.
Later we will prove the sufficiency of the conditions found
in this manner. As a restriction on the energy spectrum
of the initial Hamiltonian, we demand that the energy
5differences are not degenerate in that the differences be-
tween pairs of energies are distinct for different pairs, i.e.,
en(0)− em(0) = ek(0)− el(0)⇔ n = k and m = l. (19)
Further, we consider a family of spectra satisfying this
condition, parameterized by a real parameter x with en-
ergy eigenvalues ex,n(0) = xen(0). For fixed β > 0, the
exponential factors e−β(ex,k(0)−ex,n(0)) for different pairs
of (k, n) with n 6= k are linearly independent functions
of x. Hence, all the terms of the sum in Eq. (18) with
n 6= k must separately vanish, yielding
pΛ(m,n|k) = 0 for n 6= k . (20)
Hence, the first measurement is error free. Then Eq. (18)
reads
∑
m,n
pΛ(m,n|n)
dn(0)
dm(τ)
Pm = 1, (21)
where Pm = e
−βem(τ)dm(τ)/Z(τ) is the probability of
finding em(τ) in the canonical state of the system for the
final parameter λ(τ) at the inverse temperature β of the
initial state. Because of the universality requirements
(a) and (b), this condition must hold for any spectrum of
the final Hamiltonian, {em(τ)}, and consequently it must
hold for arbitrarily chosen probabilities Pn implying∑
n
pΛ(m,n|n)dn(0) = dm(τ) for all m. (22)
Combined with Eq. (13), this condition becomes
Tr
[
U †Λφ
τ∗
m (1)UΛ
∑
n
φ0n(Πn(0))
]
= dm(τ). (23)
According to the universality requirement (c), this con-
dition must hold for any unitary time-evolution operator
UΛ. To evaluate this condition further, we first consider
systems with a Hilbert space of finite dimensionD. Then,
according to Lemma 3 in Appendix B, either of the fol-
lowing conditions must hold:
(Ji)
∑
n φ
0
n(1) = 1 and Trφ
τ∗
m (1) = dm(τ) .
(Jii) φτ∗m (1) = [dm(τ)/D]1 .
To obtain (Ji) from Lemma 3 we choose A =∑
n φ
0
n(Πn) =
∑
n φ
0
n(1), where the second equality re-
sults from Eq. (9), and B = φτm(1), implying r = dm(τ);
with Tr
∑
n φ
0
n(1) = D one finds a = 1.
We note that the first part of condition (Ji) implies
that the operation Φ0 =
∑
n φ
0
n characterizing the non-
selective measurement by the first instrument {φ0n} is
unital, i.e., Φ0(1) = 1. This statement equivalently ex-
presses the fact that the von Neumann entropy does not
decrease under the non-selective measurement operation
Φ0 [24]. Hence, this condition demands that the first
measurement being performed non-selectively, does not
decrease the von Neumann entropy. This observation
is compatible with the fact that the Jarzynski relation
does not hold in its original form for feedback-control
protocols [25–27], where the von Neumann entropy may
decrease.
The second part of condition (Ji) implies that the sec-
ond measurement can be erroneous as long as Trφτ∗m (1) =
dm(τ), i.e., the trace of the effect of the second measure-
ment is given by the degeneracy of each corresponding
energy eigenvalue em(τ). In fact, we have the following
example of a quite erroneous energy measurement satis-
fying condition (Ji): any instrument {φτm}m∈Nτ with the
effect
φτ∗m (1) = E
Q
m :=
∑
i
Q(m|i) |ψi〉〈ψi| , (24)
e.g. φτm(ρ) =
√
EQmρ
√
EQm, where {|ψi〉 (i = 1, 2, · · · )} is
an arbitrary orthonormal basis and Q(m|i) is a stochas-
tic matrix, i.e.,
∑
mQ(m|i) = 1, satisfying
∑
iQ(m|i) =
dm(τ). Especially, if H(λ(τ)) is nondegenerate, Q(m|i)
is an arbitrary doubly stochastic matrix. As {|ψi〉 (i =
1, 2, · · · )} is an arbitrary basis and Q(m|i) is generic
enough, such a measurement can be quite erroneous.
Together with the requirement that the first mea-
surement has to be error free, the condition (Jii)
implies that the conditional probability p(m|n) =
Trφτm
(
UΛφ
0
n(Πn)U
†
Λ
)
= dm(τ)/D is independent of n.
Therefore, the joint probability factorizes as p(m,n) =
(dm(τ)/D)p
0
β(n) with p
0
β(n) = Z
−1(0)dn(0)e
−βen(0),
and hence the results of the first and the second en-
ergy measurements are independent of each other. As
a consequence, all possible correlations caused by the
time-evolution throughout the force protocol would be
suppressed by a measurement instrument that complies
with the condition (Jii). Even though such an instru-
ment satisfies the Jarzynski equality, it can hardly be
considered an useful work meter.
For systems with a separable infinite-dimensional
Hilbert space, (Jii) is excluded since D is infinity and
φτ∗m (1) = 0 is not eligible as an effect. Therefore, from
Lemma 3, we obtain the following necessary and suffi-
cient condition for Eq. (23) to hold:
(Ji∗)
∑
n φ
0
n(1) = a1 and Trφ
τ∗
m (1) = dm(τ)/a, with a
positive number a .
It is straightforward to demonstrate that each of the
conditions (Ji), (Jii), and (Ji∗) leads to the Jarzynski
equality. Hence these constitute the sought-for necessary
and sufficient conditions on any universal measurement
scheme for the validity of the Jarzynski equality. We
note that even if the unitary dynamics UΛρU
†
Λ is replaced
with a unital quantum channel U(ρ), the same conditions
are sufficient for the Jarzynski equality. Thus, the same
statement also holds for unital quantum channels as the
dynamics. This class of open-system dynamics is known
to satisfy fluctuation relations within TPEMS [28–30].
6In closing this section, we discuss the consequences of
the simultaneous validity of the forward and backward
Jarzynski equalities given by Eqs. (1) and (4), respec-
tively. As the first consequence, we infer that the first
measurement instruments of the forward and the back-
ward processes must be error free. Because the mea-
surement operations of these two processes are mutually
time-reversed to each other as expressed in Eq. (15), the
second measurement of the forward process corresponds
to the first measurement of the backward process, which
is error free. Consequently, the second measurement of
the forward process must be error free and has to sat-
isfy either (Ji) or (Jii) in the finite-dimensional case, or
(Ji*) for systems with a separable infinite Hilbert space.
Hence, the operations for the first and the second mea-
surements of the forward process are of the form
φtm(ρ) = E
t
m
(
Πm(t)ρΠm(t)
)
(t = 0, τ). (25)
Here {Etm} are trace preserving completely positive maps
on TC(H). Additionally, the measurement operations
must satisfy either the condition (Ji) or (Jii) for systems
with finite-dimensional Hilbert spaces. In the case of (Ji),
the second part of the condition is automatically satis-
fied. In the infinite-dimensional case, because the second
measurement is also error free, φτ∗m (1) = Πm(τ) holds as
proved in Appendix A. Hence, Trφτ∗m (1) = dm(τ) yields
a = 1.
VI. CROOKS RELATION
A. Necessary and sufficient conditions
As noted in the introduction, the Crooks relation im-
plies the Jarzynski equalities for the forward and the
backward processes given by Eqs. (1) and (4), respec-
tively. Therefore, the necessary conditions on the mea-
surement operations for the validity of the Jarzynski
equalities must equally hold for the Crooks relation im-
plying that the first operations of both forward and the
backward protocol must be error free. As a consequence,
the work pdfs for the forward and the backward protocols
can be expressed as
pΞ(w) =
∑
m,n
δ
(
w − eΞm(τ) + e
Ξ
n(0)
)
pΞ(m,n|n)p
Ξ
n
(Ξ = Λ, Λ¯) , (26)
where eΛm(t) = em(t), e
Λ¯
m(t) = em(t¯) with t = 0, τ ,
and 0¯ = τ as well as τ¯ = 0. Further, pΛn =
Z−1(0)e−βen(0)dn(0) and p
Λ¯
n = Z
−1(τ)e−βen(τ)dn(τ).
Putting these expressions into the Crooks relation (3),
we get∑
m,n
δ
(
w − em(τ) + en(0)
)
e−βen(0)
× [pΛ(m,n|n)dn(0)− pΛ¯(n,m|m)dm(τ)] = 0 .
(27)
According to the universality requirements (a) and (b)
given in Section IV, Eq. (27) must hold for all possible
energy spectra of the initial and the final Hamiltonian.
In particular, this must be satisfied for those spectra for
which the allowed work values are not degenerate in the
sense that em(τ) − en(0) = ek(τ) − el(0) holds only if
m = k and n = l. Hence, in order that Eq. (27) is
satisfied for all possible work values, the expression in the
square bracket must vanish for all m and n. Therefore,
as a necessary condition for the Crooks relation to hold,
the following generalized detailed balance condition [31]
must be satisfied:
pΛ(m,n|n)dn(0) = pΛ¯(n,m|m)dm(τ) (28)
in accordance with the previous findings in [10].
Specializing the conditional probabilities as given by
Eq. (13) for error-free measurements, we obtain
pΛ(m,n|n) = Trφ
τ
m
(
UΛφ
0
n(Πn(0))U
†
Λ
)
/dn(0),
pΛ¯(m,n|n) = Tr φ¯
τ
m
(
UΛ¯φ¯
0
n(Π¯n(τ))U
†
Λ¯
)
/dn(τ)
= Trφ0m
(
U †Λφ
τ
n
(
Πn(τ)
)
UΛ
)
/dn(0) .
(29)
In going to the last line, we have used the time reversal
relations for the time-evolution operator, θ†UΛθ = U
†
Λ¯
,
for the projection operator Π¯n(τ) = θΠn(τ)θ
†, and for
the measurement operation (15). Using the expression
(25) for the measurement operation together with (29),
we obtain the following condition on the trace preserving
maps Etn from the detailed balance relation (28):
TrUΛE
0
n
(
Πn(0)
)
U †ΛΠm(τ) = TrU
†
ΛE
τ
m
(
Πm(τ)
)
UΛΠn(0) .
(30)
According to the universality requirement (c) formulated
in Section IV, this condition must be satisfied for all pos-
sible protocols connecting the respective initial and final
Hamiltonians. In particular, the protocol may consist of
an initial sudden quench from H
(
λ(0)
)
to an arbitrary
Hamiltonian H which may be kept constant until the
final time when the Hamiltonian is suddenly quenched
to the final Hamiltonian H
(
λ(τ)
)
. Because the sudden
quenches at the beginning and the end of the force pro-
tocol do not contribute to the time evolution operator,
for this particular protocol it is given by UΛ = e
−(iτ/~)H .
With a proper choice of H , any unitary operator U can
be realized in this way. Hence, the detailed balance-like
condition (30) must be satisfied for any unitary operator
UΛ. Conversely, Eq. (30) presents an equivalent formu-
lation of the detailed balance relation Eq. (28), which
implies the validity of Eq. (27) and consequently that of
the Crooks relation (3) as well. Therefore, the Crooks
relation universally holds if and only if the measurement
operations φtm with t = 0 and τ are error free and satisfy
Eq. (30) for any protocol Λ.
7B. Nondegenerate case
In discussing the condition (30), we first restrict
ourselves to initial and final Hamiltonians with non-
degenerate spectra. Hence, the projection operators
Πn(t) = |n; t〉〈n; t| with t = 0 and τ yields pure states.
The condition (30) then becomes
〈m; τ |UΛE
0
n
(
|n; 0〉〈n; 0|
)
U †Λ|m; τ〉
=〈n; 0|U †ΛE
τ
m
(
|m; τ〉〈m; τ |
)
UΛ|n; 0〉.
(31)
Because it must be satisfied for all unitary operators UΛ,
one finds, using Lemma 4 from Appendix B, that Eq. (31)
holds if and only if the trace preserving, completely pos-
itive operations Etn act on the associated projection op-
erators as
Etn
(
|n; t〉〈n; t|
)
=
1− α
D
1 + α|n; t〉〈n; t| . (32)
Here, we additionally have that the Hilbert space is
of finite dimension D = dim(H) and the parameter
α satisfies −(D − 1)−1 ≤ α ≤ 1. In combination
with the expression φtn(ρ) = E
t
n(|n; t〉〈n; t| ρ |n; t〉〈n; t|) =
〈n; t| ρ |n; t〉 Etn(|n; t〉〈n; t|), we obtain
φtn(ρ) = 〈n; t|ρ|n; t〉
(
1− α
D
1 + α|n; t〉〈n; t|
)
. (33)
For systems with a separable infinite-dimensional Hilbert
space, the only universal measurements are projective
and hence given by
φtn(ρ) = 〈n; t|ρ|n; t〉|n; t〉〈n; t|. (34)
The action (33) can be accomplished by a so-called
depolarizing channel Eα [24, 32] acting as
Eα(ρ) = (1− α)
Tr ρ
D
1 + αρ (35)
with −(D2 − 1)−1 ≤ α ≤ 1 or, likewise by a transpose
depolarizing channel [33]
∆α(ρ) = (1− α)
Tr ρ
D
1 + αρT , (36)
where the transpose operation T is defined with respect
to the energy eigenbasis and−(D−1)−1 ≤ α ≤ (D+1)−1.
We note that the different ranges of α guarantee that the
resulting operations are completely positive.
In fact, note that it does not matter how the channels
Etn are globally defined as long as they act on the energy
eigenstate |n; t〉〈n; t| according to Eq. (32). The choice
made in Eqs. (35) and (36) has a remarkable property
of being independent of the index n specifying the argu-
ment of the channel. While the transpose depolarizing
channel ∆α still depends on the basis with respect to
which the transpose operation is performed, the depolar-
izing channel Eα is completely independent of the basis
and hence can be considered as a universal channel. We
note that Eα is the only universal channel compatible
with Eq. (32). For a universal channel, Eq. (32) must
also hold if |n; t〉 is replaced by an arbitrary normalized
element of the Hilbert space. By linearity, then Eq. (35)
follows. Thus, with the universal channel (35), the range
of α is restricted to −(D2 − 1)−1 ≤ α ≤ 1.
C. With degeneracy
Even if the initial or the final Hamiltonian has degener-
ate spectra, one finds by inspection that the TEMS with
the measurement operations defined as
φtn(ρ) =


(1− α)D−1 Tr[Πn(t)ρ]1+ αΠn(t)ρΠn(t)
(−(D2 − 1)−1 ≤ α ≤ 1 and D <∞),
Πn(t)ρΠn(t) (D =∞)
(37)
implies the validity of the Crooks relation. We note that
the parameter α must have the same value for the initial
and the final measurements.
On the other hand, we obtain Eq. (37) as a neces-
sary condition for the Crooks relation to hold regardless
of the degeneracy of the initial and final Hamiltonians
if we restrict ourselves to the requirements (a)–(c) and
additionally to universal channels, satisfying Etn = E
t
independently of the eigenprojections of each Hamil-
tonian. That is verified by observing that Etn should
be the same as that for nondegenerate Hamiltonians in
order that the channels are independent of the eigen-
projections of each Hamiltonian. Hence, the argument
for nondegenerate Hamiltonians in the previous section
uniquely specifies Etn to be the depolarizing channel Eα
with −(D2 − 1)−1 ≤ α ≤ 1. Therefore, Eq. (37) repre-
sents necessary and sufficient conditions for the restricted
class of universal measurement operations with universal
channels.
We note that in the finite-dimensional case given by
the first line of Eq. (37), projective measurements con-
tribute with a factor α, which may even be negative,
while the first term with the factor (1−α) leaves a max-
imally mixed state after the measurement. Furthermore,
for the conditional probability as specified in Eq. (29),
one obtains a mixture of the projective two-point mea-
surement result p2pΛ (m|n) := TrΠm(τ)UΛΠn(0)U
†
Λd
−1
n (0)
and a totally random choice of the second energy. Hence,
one finds
pΛ(m,n|n) = (1− α)
dm(τ)
D
+ αp2pΛ (m|n) , (38)
with −(D2− 1)−1 ≤ α ≤ 1. While the contribution from
the projective measurements depends on the dynamics,
the other part is completely independent of any dynam-
ics taking place during the force protocol, therefore giving
energy values by mere chance. Finally, in the case of sep-
arable infinite-dimensional Hilbert space, only projective
energy measurements are allowed.
8VII. CONCLUSION
We have discussed necessary and sufficient conditions
that have to be imposed on generalized energy measure-
ments determining the work exerted on a system by a
force protocol in order that the fluctuation theorems of
Jarzynski and Crooks are obeyed like in the case of pro-
jective energy measurements. In our analysis, we re-
stricted ourselves to a class of universal measurements
that are characterized by measurement operations being
independent of the spectra of the Hamiltonians of the
system immediately before and after the force protocol,
as well as of the temperature of the initial state.
When restricting to these universal measurements, a
necessary condition for the Jarzynski equality to hold
requires that the first measurement is error free. The
backaction of any error-free measurement can be visu-
alized as a projective measurement followed by a quan-
tum channel. Remarkably, we find that the Jarzynski
equality is satisfied even if the second measurement is
quite erroneous as long as the associated effects satisfy a
normalization condition [see J(i) in Sec. V]. Although a
quantum work based on such an erroneous measurement
does not coincide with the energy difference that would
be obtained with projective energy measurements, it may
still be useful for the estimation of the free energy dif-
ference. That is a possible advantage of a generalized
notion of work compatible with the Jarzynski equality.
If one additionally requires that the Jarzynski equality is
fulfilled for the backward process, then the second energy
measurement has to also be error free. This fact yields
that both measurements must be error free for the Crooks
relation since the Crooks relation implies the validity of
the Jarzynski equality for both processes.
The Crooks relation requires a generalized detailed bal-
ance relation. It connects the forward and backward con-
ditional probabilities based on generalized energy mea-
surements. For processes with non-degenerate initial and
final Hamiltonians, this detailed balance relation entails
that the quantum channel following the projective mea-
surement must be a depolarizing channel if it is indepen-
dent of the protocol. Especially, this channel turns out
to be independent of the outcome. For systems with a
separable infinite-dimensional Hilbert space, there are no
non-trivial depolarizing channels and hence both energy
measurements have to be projective.
For processes which connect degenerate Hamiltonians,
we were not able to extract a necessary condition on the
channels following the projective measurements within
the universality requirements (a) – (c) of Section IV.
From a practical point of view, it would be quite in-
convenient if different measurement apparatuses had to
be employed depending on whether the energy spectrum
contains degeneracies, a detail that may not be known
a priori. Therefore, the restriction to universal channels
seems quite natural. With such a restriction, we have
extended the condition on the Crooks relation derived
for systems with non-degenerate energy spectra to the
degenerate case. Nevertheless, it would be interesting to
explore if non-universal channels could also lead to mea-
surement operations that are distinct from the form (37)
but still allow the Crooks relation to be satisfied. To
reach this goal, we would need an analog of Lemma 4 to
deal with Hamiltonians that have a degenerate spectrum.
This presents a technically difficult open problem.
It is interesting to note that the compatibility of a
quantum work with fluctuation theorems requires a back-
action of the energy measurements which makes it impos-
sible to satisfy condition (i) of the Perarnau-Llobet et al.
no-go theorem [11]: Any coherence with respect to the
energy basis of a non-equilibrium initial state is erased
by the first error-free measurement. That is, if we ap-
ply a two-energy measurement scheme compatible with
fluctuation theorems to a non-thermal initial state, the
obtained average work differs from the difference in the
average energy between the final and the initial states in
general.
Finally, the requirement of error-free measurements
appearing in the conditions for the validity of fluctuation
theorems might put a severe restriction on the experi-
mental realization and the practical usefulness of the fluc-
tuation relations for quantum mechanical systems. How-
ever, the necessity of our conditions for the validity of
fluctuation theorems suggests a potential application of
fluctuation theorems to a diagnostic verification of the
accuracy of quantum measurements in a similar spirit to
[34]. Moreover, other measurement strategies that can
yield erroneous results may still be of practical use as
long as the errors are superimposed on the sought-for
work distribution in an a priori known way that makes
a correction possible after the measurement. This strat-
egy can be employed in particular for Gaussian energy
measurements [35] and Gaussian work meters [17, 18].
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Appendix A: Error-free instruments
From the condition p(m|n) = δm,n for an instru-
ment to be error-free it follows with Eq. (29) that
Trφm(Πn) = TrΠnφ
∗
m(1) = 0 for all n 6= m, or, equiva-
lently 〈ψ|φ∗m(1)|ψ〉 = 0 for all ψ ∈ (1 −Πm)H. Defining
9|ϕ〉 = |ψ〉 + z|v〉 with an arbitrary |v〉 ∈ H and arbi-
trary z ∈ C, we obtain the following inequality from the
positivity of φ∗m(1):
〈ϕ|φ∗m(1)|ϕ〉 = 〈v|φ
∗
m(1)|v〉|z|
2
+ 〈ψ|φ∗m(1)|v〉z + 〈v|φ
∗
m(1)|ψ〉z¯
≥ 0
(A1)
where z¯ denotes the complex conjugate of z. Because
this inequality must hold for all z ∈ C, 〈v, |φ∗m(1)|ψ〉 = 0
must hold for all |v〉 ∈ H and all |ψ〉 ∈ (1−Πm)H yielding
φ∗m(1)(1 − Πm) = 0. Multiplying from the right by Πn
one obtains φ∗m(1)Πn = δm,nφ
∗
n(1) and thus φ
∗
m(1) = Πm
follows in combination with the completeness relation∑
m φ
∗
m(1) = 1. Multiplying both sides with an ar-
bitrary ρ ∈ TC(H) and taking the trace, one obtains
Trφm(ρ) = TrΠmρ. Consequently the operation φm
consists of the subsequent application of the projective
measurement and a completely positive trace preserving
operation Em [24] in accordance with Eq. (8).
Appendix B: Key lemmas
Here we present the technical background which is
needed to derive the necessary conditions for the Jarzyn-
ski equality and the Crooks relation. We begin with three
lemmas on which the necessary conditions (JI) and (JII)
for the Jarzynski equality are based.
In the following, we consider separable Hilbert spaces,
which include both finite and infinite-dimensional spaces.
Both cases are treated in parallel as far as the dimension-
ality does not matter. In the sequel, only bounded op-
erators are considered presenting no restriction for finite
dimensional Hilbert spaces.
1. Jarzynski equality
Lemma 1. Let A and B be bounded operators on a sepa-
rable Hilbert space H. Suppose that A is not proportional
to the identity 1. Then, any vector |v〉 ∈ H which is not
an eigenvector of A is an eigenvector of B if and only if
B is proportional to 1.
Proof. We prove the “only if” part since the “if” part is
trivial. If H is infinite-dimensional, the bounded opera-
tor A may have no eigenvalues in the sense that any λ
satisfies Ker(λ1−A) = {0} even if λ1−A is not invertible;
i.e., λ belongs to the spectrum of the operator A that has
an empty point-spectrum [36]. In this case, A does not
possess any eigenvector |v〉 ∈ H and hence, any vector is
an eigenvector of B, according to the assumption. Thus,
B is proportional to 1.
Now suppose that A has an eigenvector |a〉 with corre-
sponding eigenvalue a. In the following, we parallelly deal
with both finite and infinite-dimensional Hilbert spaces
since the proof is similar regardless of its dimensionality.
Since A is not proportional to 1, there exists a vector
|v〉 6= 0 which is not an eigenvector of A. Let us construct
a sequence ǫn → 0 such that |a〉+ ǫn |v〉 is not an eigen-
vector of A. To do so, we show that there is at most a
single value of ǫ that can make |a〉+ ǫ |v〉 an eigenvector
of A. Suppose that there exists a number ǫ > 0 such
that |a〉+ ǫ |v〉 is an eigenvector of A with its eigenvalue
λ. Then, A(|a〉 + ǫ |v〉) = λ(|a〉 + ǫ |v〉) and A |a〉 = a |a〉
read (a− λ) |a〉+ ǫ(A− λ1) |v〉 = 0, which implies
(A− λ1) |v〉 = c0 |a〉 (B1)
with
c0 =
(λ− a)
ǫ
. (B2)
Equation (B1) further reads
A |v〉 = λ |v〉+ c0 |a〉 . (B3)
Hence, A |v〉 is in the subspace spanned by two linearly
independent vectors |v〉 and |a〉. Since such a decom-
position A |v〉 = cv |v〉 + ca |a〉 is unique, λ and c0 are
uniquely identified as λ = cv and c0 = ca. Noting that
A |v〉, |v〉, and |a〉 are all independent of ǫ, we can con-
clude that the eigenvalue λ with the eigenvector of the
form |a〉+ ǫ |v〉 is unique. Therefore, from equation (B2)
and the fact that c0 = ca is unique, at most only one
number ǫ = (cv − a)/ca can make |a〉+ ǫ |v〉 an eigenvec-
tor of A. Thus, taking a sequence ǫn (n ≥ 1):
ǫn :=
{ ǫ
n+1 (∃ǫ > 0, |a〉+ ǫ |v〉 is an eigenvector of A)
1
n (otherwise),
(B4)
we have a sequence |vn〉 → |a〉 of vectors:
|vn〉 := |a〉+ ǫn |v〉 , (B5)
each of which is not an eigenvector of A. Because |vn〉
is not an eigenvector of A, the relation B |vn〉 = bn |vn〉
holds with some number bn by the assumption. We have
B |a〉 = lim
n→∞
B |vn〉 = lim
n→∞
bn |vn〉 . (B6)
Because (bn |vn〉) converges to a vector |w〉 = B |a〉, (bn)
is bounded, say |bn| ≤ b. Thus, for any vector |u〉 ⊥ |a〉,
we have
| 〈u|w〉 | = lim
n→∞
|bn 〈u|vn〉 |
≤b lim
n→∞
| 〈u|vn〉 | = | 〈u|a〉 | = 0. (B7)
Thus, |w〉 = c |a〉 with some number c, which means that
B |a〉 = |w〉 = c |a〉 . (B8)
Therefore, any vector of the Hilbert space H is an eigen-
vector of B, which is only possible if B is proportional to
1.
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Lemma 2. Let A and B be bounded operators on a sep-
arable Hilbert space H. If neither A nor B is propor-
tional to the identity 1, then there exists an orthonormal
system {|e1〉 , |e2〉} ⊂ H such that 〈e2|A |e1〉 6= 0 and
〈e2|B |e1〉 6= 0 hold.
Proof. Because neither A nor B is proportional to 1,
there exists a unit vector |e1〉 which is not an eigen-
vector of A nor of B from Lemma 1. Thus, the sub-
space V := span{|e1〉 , A |e1〉 , B |e1〉} is not one dimen-
sional. We take a unit vector |e˜2〉 ∈ V which is or-
thogonal to |e1〉. Let us show that we can always con-
struct the desired vector |e2〉. If 〈e˜2|A |e1〉 6= 0 and
〈e˜2|B |e1〉 6= 0, {|e1〉 , |e˜2〉} is the desired orthonormal
system. If this is not the case, we have 〈e˜2|A |e1〉 = 0
without loss of generality. In this case, since A |e1〉 is
not proportional to |e1〉, there exists another unit vector
|e3〉 ⊥ |e1〉 which is composed of a linear combination of
|e1〉 and A |e1〉. Then, {|e1〉 , |e˜2〉 , |e3〉} is a completely
orthonormal system (CONS) of V . We define a projec-
tion Π := |e˜2〉〈e˜2|+ |e3〉〈e3|. Note that ΠB |e1〉 6= 0 since
B |e1〉 is not proportional to |e1〉. Then, taking a real
number x which satisfies
x 6= −
〈e3|B |e1〉
‖ΠB |e1〉 ‖2
,−
1
〈e1|B |e3〉
, (B9)
we define a unit vector as follows:
|e2〉 := c(|e3〉+ xΠB |e1〉), (B10)
where c is the normalization factor. Because |e2〉 ∈ ΠV ,
we have |e2〉 ⊥ |e1〉. We have
〈e2|A |e1〉 = c 〈e3|A |e1〉 (1 + x 〈e1|B |e3〉) 6= 0 (B11)
and
〈e2|B |e1〉 = c(〈e3|B |e1〉+ x‖ΠB |e1〉 ‖
2) 6= 0 (B12)
by the definition of x. Therefore {|e1〉 , |e2〉} is a desired
orthonormal system.
Lemma 3. Let A and B be a self-adjoint bounded opera-
tors, and U an arbitrary unitary operator on a separable
Hilbert space H. Then, the relation
trU †AUB = r (∀U : unitary) (B13)
holds with an U -independent number r 6= 0, if and only
if A = a1 and trB = r/a with a real number a 6= 0 (or
B = a1 and trA = r/a by the symmetry between A and
B). For r = 0, equation (B13) holds if and only if either
the above holds, or A or B equals to 0.
Proof. The “if” part is obvious. We prove the “only if”
part, i.e., we suppose that (B13) holds. For an arbitrary
CONS {|fk〉 |} of H, we take a unitary operator Ux de-
pending on a real number x as follows:
Ux :=
∑
k
eixφk |fk〉〈fk| , (B14)
where φk (k = 1, 2, · · · ) are real numbers such that φk1 −
φl1 6= φk2 − φl2 holds for any k1, k2, l1, l2 with k1 6= l1,
(k1, l1) 6= (k2, l2). Then, the condition (B13) reads
trU †xAUxB =
∑
k,l
e−ix(φk−φl) 〈fk|A |fl〉 〈fl|B |fk〉 = r.
(B15)
Since the functions e−ix(φk−φl) of x and the identity func-
tion are linearly independent because of the definition of
φk, equation (B15) holds for any x if and only if
〈fk|A |fl〉 〈fl|B |fk〉 =0 (k 6= l) (B16)∑
k
〈fk|A |fk〉 〈fk|B |fk〉 − r =0 (B17)
hold. By applying Lemma 2, A or B must be pro-
portional to the identity 1 because equation (B16)
holds for any CONS {|fk〉} of H. Otherwise, there
exists an orthonormal system {|f1〉 , |f2〉} such that
〈f1|A |f2〉 〈f2|B |f1〉 6= 0 from Lemma 2. Thus, the proof
is completed.
2. Crooks relation
Next, we prove the key lemma for the necessary and
sufficient condition for the Crooks fluctuation relation.
Lemma 4. Let ρ and σ be density matrices on a separa-
ble Hilbert space H. Let |a〉 and |b〉 be pure states in this
Hilbert space. For D-dimensional H,
〈a|U †ρU |a〉 = 〈b|UσU † |b〉 (B18)
holds for any unitary matrix U if and only if there exists
α with − 1D−1 ≤ α ≤ 1 such that
(ρ, σ) =
(
(1− α)
1
D
1+ α |b〉〈b| , (1 − α)
1
D
1 + α |a〉〈a|
)
,
(B19)
where 1 is the identity.
For a separable infinite-dimensional Hilbert space H
equation (B18) holds for any unitary matrix U if and
only if ρ = |b〉〈b| and σ = |a〉〈a|.
Proof. To begin with, we prove the “if” part. The “if”
part for the infinite-dimensional case is obvious. We fo-
cus on D-dimensional H. In fact, for − 1D−1 ≤ α ≤ 1,
(ρ, σ) =
(
(1− α) 1D1+ α |b〉〈b| , (1− α)
1
D1+ α |a〉〈a|
)
are
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states which satisfy
〈a|U †ρU |a〉
= 〈a|U †
(
(1− α)
1
D
1+ α |b〉〈b|
)
U |a〉
=(1− α)
1
D
〈a|a〉+ α 〈a|U † |b〉 〈b|U |a〉
=(1− α)
1
D
+ α 〈a|U † |b〉 〈b|U |a〉
=(1− α)
1
D
〈b|b〉+ α 〈b|U |a〉 〈a|U † |b〉
= 〈b|U
(
(1− α)
1
D
1 + α |a〉〈a|
)
U † |b〉
= 〈b|UσU † |b〉 . (B20)
Hence, “if” part is completed.
Now, we prove “only if” part. Hence, suppose that a
pair of states (ρ, σ) satisfies (B18). At first, we consider
the case where σ = r11 + r2 |a〉〈a| with real numbers r1
and r2. In this case, condition (B18) reads
〈a|U †ρU |a〉 = 〈a|U †(r11 + r2 |b〉〈b|)U |a〉 (∀U : unitary).
(B21)
Since for any pure state |ψ〉 ∈ H there exists a unitary
operator U such that |ψ〉 = U |a〉, condition (B21) leads
to
〈ψ| (ρ− r11− r2 |b〉〈b|) |ψ〉 = 0 (∀ |ψ〉 ∈ H), (B22)
which implies that ρ = r11 + r2 |b〉〈b|. Similarly, ρ =
r11+ r2 |b〉〈b| also implies σ = r11+ r2 |a〉〈a|. Thus, these
cases are covered by (B19).
Then, we suppose that σ 6= r11 + r2 |a〉〈a| for any
r1, r2, and hence ρ 6= r11 + r2 |b〉〈b|. When the pair of
states (ρ, σ) satisfies equation (B18), if we replace ρ and
σ with γ1 − ρ and γ1 − σ respectively for an arbitrary
real number γ 6= 0, equation (B18) still holds. Because
of the assumption that σ 6= r11 + r2 |a〉〈a|, we also have
γ1 − ρ 6= r′11 + r
′
2 |b〉〈b| and γ1 − σ 6= r
′
11 + r
′
2 |a〉〈a| for
any γ, r′1, and r
′
2.
Regardless of the finiteness of the dimensionality of H,
we have the spectral decomposition
ρ =
∑
i
pi |vi〉〈vi| (B23)
σ =
∑
i
qi |ui〉〈ui| , (B24)
where their spectra {pi} and {qi} are displayed in de-
scending order as p1 ≥ p2 ≥ · · · and q1 ≥ q2 ≥ · · · . We
assume that p1 ≥ q1 without loss of generality. Then,
taking γ = p1, we have
(p11− ρ) |v1〉 = 0. (B25)
From the assumption, we have p11− σ 6= r |a〉〈a| for any
real number r. Thus, there exists i0 with p1−qi0 6= 0 such
that |a〉 and |ui0〉 are linearly independent. Hence, V0 :=
span{|a〉 , |ui0〉} has a CONS {|a〉 , |g1〉}. We take a uni-
tary U1 = |v1〉 〈a|+
∑
j |hj〉 〈gj |, where {|gj〉 |j ≥ 2} is a
CONS of V⊥0 for D > 2, and {|hj〉} is an arbitrary CONS
of {|v1〉}⊥, where V⊥ := {|u〉 ∈ H| 〈u|v〉 = 0 (∀ |v〉 ∈ V)}.
Since U1 satisfies U1 |a〉 = |v1〉 by definition, equation
(B18) reads
〈b|U1(p11− σ)U
†
1 |b〉 = 〈v1| (p11− ρ) |v1〉 = 0 (B26)
because of (B25). Therefore, we have∑
i
(p1 − qi)| 〈b|U1 |ui〉 |
2 = 0. (B27)
Thus, 〈b|U1 |ui〉 = 0 holds for any i with p1 − qi 6= 0
because p1 − qi ≥ 0 following from p1 ≥ q1. Hence, we
have
0 = 〈b|U1 |ui0〉 = 〈b|h1〉 〈g1|ui0〉+ 〈b|v1〉 〈a|ui0〉 (B28)
since 〈gj|ui0〉 = 0 (j ≥ 2) follows from the definition.
Because |a〉 and |ui0〉 are linearly independent, we have
〈g1|ui0〉 6= 0. Therefore, we obtain
〈b|h1〉 = −
〈b|v1〉 〈a|ui0〉
〈g1|ui0〉
. (B29)
Since the right-hand side of (B29) is independent of
|h1〉, and |h1〉 is an arbitrary vector in {|v1〉}⊥, we have
〈b|h1〉 = −〈b|v1〉 〈a|ui0〉 / 〈g1|ui0〉 = −〈b|h1〉 by replacing
|h1〉 with − |h1〉, which reads 〈b|h1〉 = 0 for any vector
|h1〉 in {|v1〉}⊥. Therefore, we obtain
|v1〉〈v1| = |b〉〈b| (B30)
and 〈a|ui0〉 = 0 since |b〉 6= 0.
By taking a unitary operator U0 such that U0 |a〉 = |b〉,
equation (B18) reads
〈b| ρ |b〉 = 〈a|σ |a〉 . (B31)
Because q1 ≥ 〈a|σ |a〉 by the definition of q1, equations
(B30) and (B31) imply q1 ≥ p1. Therefore, we have
q1 = p1 since we have assumed p1 ≥ q1. Then, we also
obtain |u1〉〈u1| = |a〉〈a| similarly.
Taking γ = p2, we have
(p21− ρ) |v2〉 = 0. (B32)
From the assumption, we have p21− σ 6= r |a〉〈a| for any
real number r. Thus, there exists i ≥ 2 with p2 − qi 6=
0 because |u1〉〈u1| = |a〉〈a|. We take a unitary Ui :=
|v2〉〈a|+ |b〉〈ui|+
∑
j≥3 |vj〉〈uj˜ |, where
j˜ :=
{
j (j 6= i)
2 (j = i).
(B33)
Since Ui satisfies Ui |a〉 = |v2〉 by definition, equation
(B18) reads
〈b|Ui(p21− σ)U
†
i |b〉 = 〈v2| (p21− ρ) |v2〉 = 0 (B34)
12
because of (B32). However, we have
〈b|Ui(p21− σ)U
†
i |b〉 =
∑
j
(p2 − qj)| 〈b|Ui |uj〉 |
2 = p2 − qi
(B35)
from the definition of Ui and (B30). Thus, combined with
(B34), we obtain p2− qi = 0, which contradicts p2− qi 6=
0. In conclusion, (B19) is the only possibility.
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